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Abstract:- In the present paper we have discussed various generalized multivariate G-Function distributions of matrix
argument and statistical properties and integral transform few known or new properties such as characteristic
function, moment generating function, moment, mean and variance and Mellin and Laplace transforms of the

distribution function and some new table are also established for distribution function.

Introduction

A unified approach to generate probability distributions with the help of special functions technique was
initiated by Mathai and Saxena(1966), Saxena and Mishra (1991) have investigated a more comprehensive from of
univariate distributions by taking a generalized Laplace integral incorporating , F, function. From this result wide
classes of distributions have been obtained as particular cases. Sethi and Poonam (1992) have investigated a more
comprehensive form of univariate distribution by taking a generalized Laplace integral involving , F, of matrix
argument. From this result, wide classes of distributions have been obtained as particular cases.

In this paper, a generalized multivariate G-function distribution are introduced from which almost all well-
known multivariate and univariate G-function distributions can be obtained as special cases. It depends on the
multivariate Laplace integral, our distribution in analogues to the generalized probability distribution given by Poonam
and Sethi P.L. (1992C) and has applications in multivariate analysis. It may provide some interesting special random
variables obtained in various fields of statistical studies particularly in the field of biosciences, agricultural, social and
behavioral sciences along with the resent techniques utilized in the geo-statistical and atmospheric sciences.

In this paper expression for the characteristic function. The Moment Generating Function and the r'"™ Moment
about the origin, mean, variance, Mellin and Laplace Transform have been worked out. In what follows, the argument
and the parameter and restricted to take only those values for which the density functions are non-negative and have a

meaning.

THE DISTRIBUTION

In the multivariate Laplace type integral

= [etr(- Bx)|x|“’m7+l¢(x)dx

X>0

Taking #(X )=G rpsq {RX 2

The integral reduces to
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For Re(—a+ min bj)>

arbitrary complex symmetric M X M matrix.S

The result (2.1) is a direct consequence of the result [Mathai and Saxena 1978,P.114]

Thus the function
f(X)=f(X;,4,...,8,,b,,.b,;B,R)

(m+1) ]
etr(— BX | X|* 2 GM[RX '
1...9s |
m+1 ]
|B| pr+1 RB—l 2 ava]_ ...... ar
by b,
Where Re(—a+minbj)> -1
=0, elsewhere ... (2.2)

Provides a probability density function(p.d.f.)

Special cases
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j=1...,p) and B is positive definite symmetric matrix and R is an

(i) Replacing R=1 letting B tends to null matrix and using the result due to Mathai(1976)

R
b, . bs

_[|X| 2 quI:
X>0

ﬁrm(b. Jr,o)l_i[rm(m;l—aj —a}
H I'm (m+1—bj —ajﬁl‘m(aj +a)

=p+1 j=0q+1
Where
Re(b, +a)> " L:(j=1...m)
L e 2.3)
Re(a, +a) < 2=;(j =1,..n)

In (2.2), we get
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d d m+1
[Trm(, +p)1:!l“m( , 8 —aj )

f(X)=| = , X[ 2 G
m+1 ( )
H l"m[z—bj —ajHFm a, +a
j=p+l j=q+1
a, ...a
Where Gp'q [*]:G"'{x L r:|
r,s r,s bl!""’bs
Where
m-1 .
Re(b; +0£)>T;(j =1.,m)
Re(aj+a)<m+1;(j:1,...n),x=X'>O .............. (2.4)
=0, elsewhere

(iiy putting p=1,9=0,r =0,5s=1, B =, then (2.1) takes the form

m

(1)
1= etr(-X)|X|“" 2 GL[RX[ajiX ........ (2.5)

X>0
We know that G2 [RX[a]=|R|*|X|"e ™

Where X =X">0 ..................... (2.6)
Use of (2.5) and (2.6) we have

(m+1)
| =[R|" [e X |x|“* > dX

X>0

The integral reduces to

—(a+a)

=|RI* Tm(er +ajl + R ™™ ... (2.6)

(2.2) takes the form
(m+1)

e—tr(I+R)X |X |(a+a)—T

F(X)= e

I'm(e +a)l +R|

Re(a+a)> "= Re(l +R)>0,X = X'>0

Where

=0,elsewhere........ce.ccvvvumennnn. (2.7)
Which is a gama distribution.

m+1
Taking (o +a) = — (2.7) take the form

—tr (1+R) X
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Where
Re(I +R)>0,X =X">0
=0 elsewhere ................. (2.8)

n 1
Taking (a + a) =§,(I +R) =ET’1, (2.7) yields Wishart distribution with scale matrix T and N of

freedom

nemey (L
27X Zletr[;T‘lxj

rof 2 )i
2

For X =X'>0,T>0,m<n

=0,elsewWhere ............cooooiiiii (2.9)

THE CHARACTERISTIC FUNCTION

The characteristic function @ (T) of X isgivenby
@, (T)=Elexp {itr(XT )]

= Jexplitr(XT)]F (X)dX.......oevv..(2.10)
X>0
Where i:(—l)w,T is MXM symmetric matrix of characteristic function variables and E denotes

mathematical expectation.
By Virtue of (2.10), we get characteristic function as

m+1
BT "G RlB-T) g T R
(DX(T): B S
—a +1 Lﬂ_aa a
B Grir|RE| o Tt
b,,..... b

Where Re(a) > mTH Re(a+minb,) > mT_l Re(B) > 0, Re(B) > Re(R) ...(2.11)

THE MOMENT GENERATING FUNCTION (m.g.h.)
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Efetr(XT)]= [etr(XT)f(X)dX .ooooooo.. 2.12)
X>0
By virtue of (2.2),we get moment generating function as
1 17m+1 a,a a
@ P+ - -a,a,,....4,
B=T1" Gras |RE-T) 2 P
E[etr(XT)]: AT s
p.a+l m+1 a,a a
-a g+ A, yeens @y
Bl" Gra.|RBY| 2 :
by

Where Re(a) > mT_l Re(a+minb,) > mT‘l Re(B) > 0, Re(B) > Re(R) ...(2.13)

THE MOMENT OF THE DISTRIBUTION

The ™ order moment about origin of the matrix random variable X with p.d.f. (2.2) is given by

E|x|"]= JIX["FOOAX (2.14)

X>0

m+1
|B|—r Gp,q+1 RB,l T—a—r,al,....,ar

r+1,s

prq+1 RB—l T_a,al,...,ar

r+l,s

Where the various parameter are governed by same restrictions as mentioned in (2.15)

MEAN AND VARIANCE OF THE DISTRIBUTION BY DEFINITIONS

E[x|]= [[x|f(x)dx

X>0
-1 p,q+1 ,1m—+1—a—1a |
|B| Gr+l,s RB 2 o o
A i 2.16)
me1 ] .
Gpvq+l RB—17—0{,al,...,ar
r+ls
by,..... b,

By definition , variance = EQX | 2 )— [E(] X |)]2
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m+1
|B|—2 Gp,q+l RBflT—a—Z,al,....,ar
r+l,s
YR )
B TR (2.17)
p.q+1 I m+ —a,d,,...,a,
Gr+ls RB 2
by,..... b,
p,g+1 p,g+1 p,g+1
| | |:Gr+ls[ ]Gr+ls[ ] {GF+S }:|
Vari =
ariance = [qu+1 _ ]
r+ls
1
p.g+1 a m—+—a—2, Ay ey A,
Where Gr+1s[ ] Gr+ls RB 2
Y )
m+1
Gp,q+1[:]:C;p,q+1 RB,l ; —a,d,,.., 4,
r+l,s r+l,s
I By e g
POHlr_q1 o~ PO+ ) m+1—0{—1, Ay A
G...El=G,.,|RB7| 2 A (2.18)
bl' -------- ,bs

Where the various parameter are governed by same restriction as mentioned in (2.2)

MELLIN AND LAPLACE TRANSFORM OF THE DISTRIBUTION

By definition of Mellin transform is

M[f(X)]= j|x| 2 f(X)dX

X>0

-5+ ,
|B| 2 Gr+1,s
by b,
....... (2.19)
m+1
Gljzl RBfl 2 a,al,...,ar
-

By definition of Laplace transform is

L[f(X)]= [etr(=TX)f (X )dX

X>0
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|B +T|7a quﬂ{R(B +T)71 M—a,al,....,ai
r+ls 2

m+1 }
——a,3,,...,8,
2

{1 (x)]-

Bl Gf’;‘i?[RBl

Where Re(«) > mT—l’ Re(a +minb;) > mT—l

Re(B) > 0,Re(B) > Re(R)Re(B+T)>0
=0, elsewhere (2.20)

Special function of statistical distributions.

@, (T) E[etr| XT], E|‘X|r J Variance M[f(X)], L[f(X)] are defined already through equation
(2.10),(2.12),(2.14),(2.17),(2.19),(2.20) respectively.

TABLE 1

(m+1)
2

g r@+RIX |X |(a+a)—

) rm(a +a)L+R[ "™

Where Re(a+a)>mT_1,Re(1+ R)>0,X=X">0

@, (T) Efetr(XT)] e[x[]
! +(R_T)|_(a+a) L +(R—T]_(a+a) Fm(a+a+r)|l +R|7r
|| + R|‘(a+a) || + R|—(a+a) Fm(a N a)
varance=E (X"} [E(X I M[f(x) ()
rma+a+2fl +R* [rm@+a+)l +R™| Fm(a tats ‘mH)U + R|’S“"7+1 I+ (R+T)[“
Fm(a + a) I'm(a +a) 2 || + R|—(a+a)
I'm(e +a)

TABLE 2
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( ) e—tr(1+R)X
f(X)=

(m+1)

rm(mglju +R| 2

Where:—Re(l +R) >0, X =X'>0
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@, (T) Eletr(XT)) Eher
L +(R—T)|‘(mz+l) L +(R—T)|‘(mz+l) Fm(mZ+1+rJ|l +R|”
1+R| 2 1+R[ 2 Fm(m+1j
2
Variance= E([X|2)— [EQX|)]2 M [f (X )] L[f (X )]

m+1

2
rm(2 " 2]|| +R|” rm(m;l +1j|| +R/”

m+1

rm(s)l +R[ "2

1+(R +T)|7[m7+l]

- m+1 _(m+L
I'm | +R [ j
e o7 (") 1R (%
2 2
TABLE 3
_n (n-m-1)
27[x| 7 etr(—;T‘lxj
f(X)= .
rm[”jmz
2
For X=X'>0T>0m<n
o ] o . (n
‘s’l—ZlT‘ 2 ‘(s ! —ZTX 2 2 Fm(2+rj|s|
|s| 2 5| 2 rm(“j
2
Variance=
e(x[?)-[E(x|)F M{f (X)) L[f (X))
2 m-+1 Mt on
221“m(n+2j|s|2 21Fm(n+1]|s|l 25_2l“m(n+s—m+1j|s|s_21 ‘s‘l+2T‘ 2
2 2 2 2
) 5|2
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